Abstract. Diffuse correlation spectroscopy (DCS) is a noninvasive method to quantify tissue perfusion from measurements of the intensity temporal autocorrelation function of diffusely scattered light. However, DCS autocorrelation function measurements in tissue better match theoretical predictions based on the diffusive motion of the scatterers than those based on a model where the advective nature of blood flow dominates the stochastic properties of the scattered light. We have recently shown using Monte Carlo (MC) simulations and assuming a simplistic vascular geometry and laminar flow profile that the diffusive nature of the DCS autocorrelation function decay is likely a result of the shear-induced diffusion of the red blood cells. Here, we provide theoretical derivations supporting and generalizing the previous MC results. Based on the theory of diffusing-wave spectroscopy, we derive an expression for the autocorrelation function along the photon path through a vessel that takes into account both diffusive and advective scatterer motion, and we provide the solution for the DCS autocorrelation function in a semi-infinite geometry. We also derive the correlation diffusion and correlation transfer equation, which can be applied for an arbitrary sample geometry. Further, we propose a method to take into account realistic vascular morphology and flow profile.
Introduction
Diffuse correlation spectroscopy (DCS) is a method for measuring blood flow based on diffusing-wave spectroscopy (DWS) in heterogeneous multiple-scattering media. 1, 2 By measuring the intensity fluctuations of light diffusely reflected from tissue, DCS offers a measure of microvascular blood flow and has been successfully validated against other blood flow measurement techniques, such as arterial spin labeling, magnetic resonance imaging, [3] [4] [5] [6] Doppler ultrasound, 7, 8 xenon-enhanced computed tomography, 9 and fluorescent microspheres. 10 The analysis of the DCS signal obtained in the validation studies cited above implies that diffusion-like red blood cell (RBC) motion largely defines the shape of the intensity autocorrelation function, while the effect of the advective (sometimes referred to as convective) RBC motion is significantly smaller. 11, 12 Lacking a first principles-based understanding of the nature of the measured signal, DCS has been employed to provide a "blood flow index" obtained by fitting the intensity autocorrelation decay for the RBC "diffusion coefficient," which has been shown to correlate well with the relative changes in blood flow as mentioned above.
Recent articles have indicated that shear-induced diffusive RBC motion may contribute to the DCS signal, 12,13 providing a possible mechanistic explanation for the observed diffusionlike RBC motion in the decay of the intensity autocorrelation function. Here, we provide a theoretical model for the DCS signal based on DWS that includes both advective RBC motion along the blood vessels and shear-induced RBC diffusion. In a recent article, we have shown using Monte Carlo (MC) simulations and assuming a simplistic vascular geometry and laminar flow profile that the diffusive nature of the decay of the DCS autocorrelation function is likely the result of the shear-induced diffusion experienced by RBC during vascular transport. 14 Here, we provide theoretical derivations supporting and generalizing the previous MC results. We derive expressions for the autocorrelation function along the photon path that take into account both diffusive and advective motions of the scattering particles and provide the solution for the DCS autocorrelation function in a semi-infinite geometry. Our model predicts that for all source-detector separations commonly applied in DCS measurements, the DCS signal is, as expected, dominated by the shear-induced RBC diffusion. We also provide an expression for the DCS signal in a realistic vascular network with a heterogeneous distribution of vessels with different diameters and average blood flows. Finally, we derive the expressions for the correlation transfer equation (CTE) and correlation diffusion equation (CDE), which can be used to model the DCS signal in tissue with a complex geometry and heterogeneous blood flow distribution.
Phase Accumulation in a Vessel
In this section, we consider the optical phase accumulation along the scattering path through a single blood vessel. We assume that a partial wave scatters first from a scatterer at location r 0 outside the vessel, then experiences N consecutive scattering events from RBCs located at r 1 ; · · · r N inside the vessel, and finally exits the vessel scattering at location r Nþ1 outside the vessel. The accumulated optical phase ϕðtÞ along this path is given as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 1 ; 6 3 ; 7 1 9 ϕðtÞ ¼ X Nþ1 i¼1 k 0 njr i ðtÞ − r i−1 ðtÞj;
where n is an optical index of refraction, k 0 ¼ 2π∕λ 0 , λ 0 is the wavelength of light in a vacuum, and jrj represents the vector magnitude. Equation (1) can be approximated as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 2 ; 6 3 ; 6 3 9 ϕðtÞ ≈
whereΩ i ¼ ðr i;0 − r i−1;0 Þ∕l i;0 , r i;0 is i'th scatterer position at t ¼ 0, l i;0 ¼ jr i;0 − r i−1;0 j, r i ðtÞ ¼ r i;0 þ Δr i ðtÞ, and Δr i ðtÞ is a small displacement of the i'th scatterer at time t with respect to its original position r i;0 . If we further assume that only scatterers inside the vessel exhibit motion [i.e., Δr 0 ðtÞ ¼ 0 and Δr Nþ1 ðtÞ ¼ 0], then it follows from Eq. (2) that the difference of the accumulated phase Δϕðt; τÞ ¼ ϕðt þ τÞ − ϕðtÞ is given as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 3 ; 6 3 ; 5 1 2 Δϕðt; τÞ
where Δr i ðt; τÞ ¼ Δr i ðt þ τÞ − Δr i ðtÞ. The temporal electric field (E) autocorrelation function g 1 ðτÞ is computed as g 1 ðτÞ ¼ hEðtÞE Ã ðt þ τÞi ¼ hexp½−iΔϕðt; τÞi, where hi represents an ensemble average and i is the imaginary unit. In the case of a small phase difference term Δϕðt; τÞ, the autocorrelation function can be approximated as g 1 ðτÞ ≈ exp½− 1 2 FðτÞ, where FðτÞ ¼ hΔϕ 2 ðt; τÞi. To compute FðτÞ, we first assume that Δr i ðt; τÞ in the vessel can be expressed as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 4 ; 6 3 ; 3 6 9 Δr i ðt; τÞ ¼ Δr i;D ðτÞ þ v i τ;
where v i represents a laminar RBC velocity of the i'th scatterer and Δr i;D ðt; τÞ accounts for the diffusive RBC motion due to shear flow. We can now express FðτÞ as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 5 ; 6 3 ; 3 0 8 FðτÞ
where a diffusion term F D ðτÞ is given as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 6 ; 6 3 ; 2 6 9
a velocity term F V ðτÞ is given as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 7 ; 6 3 ; 2 1 3
and a mixed term F D;V ðτÞ is given as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 8 ; 6 3 ; 1 5 8
Due to isotropic diffusive motion, the diffusive and advective motions are uncorrelated; thus, the mixed term F D;V ðτÞ ¼ 0.
Diffusion Term
To compute the ensemble average in Eq. (6), we first consider that the probability density function for diffusive RBC motion can be approximated as 15 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 9 ; 3 2 6 ; 6 6 7
where D i is the RBC diffusion coefficient due to the shear flow at location r i;0 . Since the diffusive displacements Δr i;D ðτÞ and Δr j;D ðτÞ of RBCs involved in consecutive scattering events are uncorrelated, Eq. (6) can be reduced to E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 0 ; 3 2 6 ; 5 7 8
The ensemble average on the right side of Eq. (10) can be calculated as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 1 ; 3 2 6 ; 5 1 0
where g ¼ hΩ i ·Ω iþ1 i is a scattering anisotropy coefficient. Equation (10) can be subsequently written as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 2 ; 3 2 6 ; 4 0 6
which is a generalized form of the well-known equation for the autocorrelation phase term for multiple scattering in the case of Brownian motion in a uniform medium E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 3 ; 3 2 6 ; 3 2 7
where D B is the diffusion coefficient for Brownian motion, s is the path length of light, and l tr is the transport mean free path. Note that the path length of light, s, divided by l tr is the average number of "isotropic" photon random walk steps (N tr ), which is related to the number of scattering events by N tr ¼ ð1 − gÞN.
Velocity Term
The anisotropy factor g for light scattering from RBCs is quite high (g > 0. 95 16 ). This implies that the phase increments along the scattering path through the vessel are correlated, which makes calculation of the velocity term expressed by Eq. (7) more complex. We will start the calculation by assuming without loss of generality that the vessel axis is parallel with the Z-axis such that velocities v i can be expressed as v i ¼ v iΩz , whereΩ z is a unit vector along the Z-axis. We can thus write Eq. (7) as
where x i ¼Ω z ·Ω i . To calculate the ensemble averages in the above equation, we will follow the procedure outlined in Sakadžić and Wang. 17 We assume that the probability of a random walk pðl 1 ; : : : ; l N Þ through the vessel can be expressed as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 5 ; 6 3 ; 6 3 2 pðl 1 ; : : : ; l Nþ1 Þ ¼ f ðNþ1Þ ðcos θ 1 ; : : :
where l i ¼ l iΩi is the vector given by the free path between scatterers i − 1 and i (i.e., l i ¼ r i − r i−1 ), pðl i Þ ¼ μ s expð−μ s l i Þ is the probability density of the free path l i , μ s is the scattering coefficient, and f ðNþ1Þ ðcos θ 1 ; : : : ; cos θ Nþ1 Þ is the probability density function that the scattering path follows a Markov chain of scattering angles θ 1 ; : : : ; θ Nþ1 . f ðNþ1Þ ðÞ can be further represented as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 6 ; 6 3 ; 4 8 6 f ðNþ1Þ ðcos θ 1 ; : : :
wherep s ðcos θ 1 Þ is the probability of the initial photon direction conveniently set to 0.5. f ð2Þ ðcos θ j ; cos θ jþ1 Þ is thus given as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 7 ; 6 3 ; 3 8 2 f ð2Þ ðcos θ j ;cos
where g m is the m'th moment of the scattering phase function and P m ðcos θÞ is a Legendre polynomial. We further assume that scattering angles can be described by the HenyeyGreenstein phase function (i.e., g m ¼ g m ). By following the derivations from Sakadžić and Wang, 17 one can show that hx
Therefore, Eq. (14) can be expressed as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 8 ; 6 3 ; 2 4 9
Approximate Solution
If we make several assumptions that are consistent with realistic soft biological tissue properties, we can significantly simplify the expressions for F D ðτÞ and F V ðτÞ. We first assume that absorption inside the vessel has a negligible influence on the radiance distribution, which is expected given that the absorption length in blood is ∼2 to 4 mm at the optical wavelengths in the 780-to 850-nm range typically used in DCS measurements. 16 Next, we assume that both the measured tissue volume and the partial volume of blood are large such that light propagation is diffusive, that vessels are penetrated by photons from a sufficient number of angles to reproduce the ensemble averaging in our calculations, and that multiple scattering within larger vessels results in effective sampling of all radial locations. Under such conditions, photons have an equal probability of scattering from each location inside the vessel, and the location-specific terms v i and D i can be replaced by their average values, as we observed and documented in our previous MC-based study. 14 If we know the vessel radius R and the intravascular radial distributions of the RBC velocity vðr i Þ and diffusion coefficient Dðr i Þ, we may write E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 9 ; 3 2 6 ; 6 2 0
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 0 ; 3 2 6 ; 5 8 9
where E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 1 ; 3 2 6 ; 5 4 2
and E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 2 ; 3 2 6 ; 4 9 8
are the average values of D i and v i . We can introduce another approximation when g is close to 1, which is typically the case with scattering from the RBCs: 1 − g N ≈ ð1 − gÞN. For example, for ðg ¼ 0.95; N < 4Þ the relative error of this approximation is <5%. We can finally write E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 3 ; 3 2 6 ; 4 0 9
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 4 ; 3 2 6 ; 3 7 8
where ð1 − gÞN ≈ s∕l tr and s is the photon path length through the vessel.
Realistic Vascular Morphology
So far we have developed the expression for the autocorrelation function g 1 ðτÞ for a path length s through a single vessel E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 5 ; 3 2 6 ; 2 7 4
where FðτÞ ¼ F D ðτÞ þ F V ðτÞ and terms F D ðτÞ and F V ðτÞ are given by Eqs. (23) and (24), respectively. In a realistic soft biological tissue, such as the brain cortex, vessels of different diameters and average RBC velocities will be present. We may first associate each vessel with the arterial, venous, or capillary compartment. Each of these compartments contains a population of vessels with different diameters and average RBC velocities. For a path length s sufficiently long through the tissue to probe all of these vessel types, we can write E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 6 ; 3 2 6 ; 1 3 0 Sakadžić, Boas, and Carp: Theoretical model of blood flow measurement by diffuse. . . 
E Q -T A R G E T ; t e m p : i n t r a l i n k -
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 9 ; 6 3 ; 6 2 3
and E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 0 ; 6 3 ; 5 5 18 Another factor to consider is how much our model of diffusive RBC motion departs from reality in vessels with a small diameter (<10 μm), which include capillaries, precapillary arterioles, and postcapillary venules. Further measurements and numerical modelings of the microvascular blood flow and morphology may inform modifications of Eqs. (27)-(30) to better represent microvascular compartments.
In the following sections, we will show that some important relations between the DCS measurements and blood flow can already be deduced from Eqs. (27)-(30).
Correlation Transfer and Diffusion Equations
We start with an integral form of the CTE for scatterers experiencing diffusive, linear, or oscillatory motion
19-21
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 1 ; 6 3 ; 1 5 3 Iðr;Ω; τÞ ¼ I 0 ðr;Ω; τÞ þ 
where Iðr;Ω; τÞ is the time-varying-specific intensity at position r and in direction given by the unity vectorΩ. Iðr;Ω; τÞ represents an angular spectrum of the mutual coherence function, and it should be noted that the temporal field correlation function can be obtained as an integral of Iðr;Ω; τÞ over all solid angles Ω. I 0 ðr;Ω; τÞ is the unscattered (coherent) time-varying-specific intensity originating from the point r 0 at the boundary. The integral on the right side of the equation represents contributions of time-varying-specific intensities Iðr s ;Ω 0 ; τÞ from directionsΩ 0 scattered into directionΩ along the path from r 0 to r at locations r s . pðΩ;Ω 0 Þ is a scattering phase function describing the probability of scattering fromΩ 0 intoΩ direction. We emphasize that scattering coefficient μ s ðrÞ and extinction coefficient μ t ðrÞ are functions of position r in the inhomogeneous scattering medium. Finally, hexp½−iK r ðr s ÞðΩ −Ω 0 Þ · Δr s ðτÞi is the decorrelation contribution from the scatterer displacement Δr s ðτÞ due to both diffusive and advective (linear) motion, where hi stands for the ensemble average. K r is given by K r ðrÞ ¼ k 0 n þ 2πRe½fðΩ;ΩÞρ s ðrÞ∕ðk 0 nÞ, where the second term on the right side accounts for the reduction of the propagation speed of the mean field due to multiple wave scattering, ρ s ðrÞ is the density of scatterers, fðΩ sc ;Ω inc Þ is the optical scattering amplitude from directionΩ inc into directionΩ sc , and Re[] stands for the real value. The scatterer displacement term at location r can be expressed as ΔrðτÞ ¼ Δr D ðτÞ þ vðrÞτ, where Δr D ðτÞ is due to either RBC diffusive motion inside the vessel or Brownian motion of scatterers outside the vessel. RBC velocity vðrÞ is not zero only inside the vessel. To perform ensemble averaging, we will apply the same approximation from Sec. 2 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 2 ; 3 2 6 ; 3 9 6 hexp½−iK r ðr s ÞðΩ −Ω 0 Þ · Δr s ðτÞi
where E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 3 ; 3 2 6 ; 3 2 1
Following the steps from Sec. 2 (phase accumulation in a vessel), it is easy to show that E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 4 ; 3 2 6 ; 2 7 1
We can now follow the same procedure as in Sakadžić and Wang 21 to convert the integral form of CTE into a differential CTE expression E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 5 ; 
We can also allow for the source Sðr;ΩÞ in the medium and write 
In the next step, we will derive an expression for the diffusion correlation equation based on this CTE. We first apply the standard approximation E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 7 ; 6 3 ; 6 4 9 Iðr;Ω; τÞ ¼
4π
Φðr; τÞ þ 3 4πΩ · Jðr; τÞ;
where Φðr; τÞ is the temporal field autocorrelation function.
We proceed by replacing Iðr;Ω; τÞ in Eq. (36) and performing the integral over Ω before and after multiplying Eq. (36) withΩ. To perform the integrations, we apply the following approximation:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 8 ; 6 3 ; 5 5 3
This procedure yields the well-known expression for the CDE E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 9 ; 6 3 ; 4 8 6 ∇½D s ∇Φðr; τÞ − ½μ a þ μ 0 s ψðr; τÞΦðr; τÞ þ S 0 ðrÞ ¼ 0;
where
Sðr;ΩÞdΩ, and μ 0 s ψðr; τÞ is due to the phase difference accumulated along the unit pathlength E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 0 ; 6 3 ; 4 1 2 μ 0 s ψðr; τÞ
The average values of the scatterer's diffusion coefficient D av and RBC velocity v av should take into account heterogeneity of the scattering medium on the scale ∼l tr , so μ 0 s ψðr; τÞ should in general be calculated as s −1 ½F art ðτÞ þ F vein ðτÞ þ F cap ðτÞ þ F tiss ðτÞ, where F art ðτÞ, F vein ðτÞ, F cap ðτÞ, and F tiss ðτÞ are given by Eqs. (27)-(30).
Reflection Geometry
For a scattering medium with the known probability PðsÞ of a photon path length s between source and detector, we can express the autocorrelation function as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 1 ; 6 3 ; 2 5 1 G 1 ðτÞ ¼
where the integral is taken over all possible path lengths s. In DCS, measurements are typically performed in a reflection geometry. For a semi-infinite medium with source-detector separation ρ, diffusion theory provides the analytical expression for the path length probability PðsÞ. If we assume that FðτÞ is linearly proportional to s, such as the case in Eqs. (26)-(30), G 1 ðτÞ can then be expressed as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 2 ; 6 3 ; 1 2 9 G 1 ðρ;
where E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 3 ; 3 2 6 ; 7 5 2
, and G 1;0 is scaling constant such that G 1 ðρ; τÞ → 1 when τ → 0.
Relative Importance of Diffusive and Advective Red Blood Cell Motions
We now explore the relative importance of the F D ðτÞ and F V ðτÞ terms. We consider a semi-infinite scattering medium and a DCS measurement in a reflection geometry. For simplicity, we assume μ a ¼ 0, D B ¼ 0, and only one vessel type is present in the medium. We further assume that the RBC velocity follows a parabolic radial profile inside the vessel E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 4 ; 3 2 6 ; 5 8 1
where m ¼ 2 and V max is the velocity at the vessel center. From Goldsmith and Marlow, 22 the RBC diffusion coefficient is given by DðrÞ ¼ α ss j∂vðrÞ∕∂rj, where α ss (typically around 10 −6 mm 2 ) is the shear-induced diffusion coefficient proportionality constant. This allows us to write E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 5 ; 3 2 6 ; 4 8 2
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 6 ; 3 2 6 ; 4 4 1
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 7 ; 3 2 6 ; 4 0 3
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 8 ; 3 2 6 ; 3 6 5
where we assumed that l tr ¼ 1 mm in both the vasculature and the tissue. Good agreement between Eq. (42) and MC simulations for a similar geometry was already demonstrated by Boas et al. 14 It was shown that for a range of R and V max at ρ ¼ 20 mm both the advective and, respectively, the diffusive RBC motion contributions to G 1 ðτÞ can be fit successfully with Eq. (48), providing support for the derivations of the velocity terms in Sec. 2.2. It was also shown that under the same conditions, diffusive RBC motion almost exclusively determines the profile of G 1 ðτÞ. While the summation of diffusive and advective motion terms in Eq. (48) has been considered before, 23 we provided a theoretical support for this assumption that does not assume that uncorrelated optical phase increments accumulated along the path.
Here, we further compare individual contributions of the diffusive and convective RBC motions to the decay of G 1 ðτÞ. Figure 1 shows G 1 ðτÞ due to F D ðτÞ, F V ðτÞ, and F D ðτÞ þ F V ðτÞ for V max ¼ 2 mm∕s, a vascular volume fraction δ ves ¼ 2%, and a range of vessel radii and source-detector separations. In all cases, term F D ðτÞ strongly dominates the expression for G 1 ðτÞ, in agreement with prior experimental observations 11, 12 and our prior MC simulations.
14 While increasing the vessel radius and decreasing the source-detector separation both lead to the increased importance of the advective RBC motion, even for the short source-detector separation (ρ ¼ 5 mm) and large vessel radius (R ¼ 40 μm), G 1 ðτÞ is still largely determined by the diffusive RBC motion. Extrapolation of the results for the smallest source-detector separation in Fig. 1 suggests that advective RBC motion may potentially dominate the laser speckle flowmetry signal, especially for larger vessels, such as the ones considered by Kazmi et al. 24 
Conclusion
We have presented a set of theoretical derivations for DCS measurements that take into account both diffusive and correlated advective scatterer motion and obtained results in agreement with our previous MC simulation study. We also provide expressions for considering realistic vascular morphologies and flow profiles and for linking DCS measured motion parameters with actual blood flow. Finally, we provide expressions for the correlation transfer equation and correlation diffusion equation in this context. These general equations may be used to model DCS measurements in the more complex, realistic configurations of tissue, optical sources, and detectors, as well as the realistic distributions of both morphological parameters and blood flow in vascular segments.
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